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Abstract. Analysis of a pipeline bending in laying on a digieabed is carried out. The
pipeline is modeled by a semi-infinite hinged etabeam. Length of its sagging part is not
known and is defined in the result of calculatiohdormula for hydrostatic loading of a rod is
derived in the paper; it is shown that in some sasinplified accounting of the loading by
reduction of the rod's weight for the weight of ligeid superseded leads to significant errors.
The seabed reaction is found for two rod models:dhassical and Timoshenko ones. Analytical
expressions are received and internal forces, mesnamd stresses arising in the pipeline are
shown depending on the distance from the seabediguid pressure. The pipeline's prelimi-
nary tension is considered.

Keywords:. pipeline laying, elastic rod, hydrostatic loadirsgabed reaction, asymptotic
solution

I ntroduction

Construction of sea gas pipelines is presentlyiechrout with high intensity.
Safety of people, environment, and equipment is oh¢he primary goals of the
pipeline construction and maintenance. Damagedantiegrity of a pipeline can lead to
gas leakage and its further ignition. High safetgndards pose high engineering
requirements to the design, which stipulates thevamce of researches on the stress-
strain analysis of a sea pipeline.

Damage of a pipeline can occur already in the @®cé its laying down on the
sea bottom from a vessel. The pipeline is benttyweight, and stresses in it can
exceed allowable values [3]. A similar danger erasron the course of raising of the
pipeline from the bottom, in case if a discontigiwf laying has occurred, e.g., during a
storm.

As the length of a pipeline sufficiently exceeds #ize of its cross-section, the
theory of rods can be put in the basis of calcoeti Unfortunately, a simplified
accounting of the hydrostatic loading on the roedpminates in the literature [4, 6, 7];
in some cases, this approach leads to significantse The correct formula remains
known quite limitedly [5, 8].
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In this paper, an alternative derivation of the reor formula based on
Archimedes’s principle is presented and comparisoth the commonly known
approach is carried out. The seabed is assumatl tigireaction is found for two rod

models — the classical and Timoshenko ones.

1. Classical Bernoulli-Euler beam

The problem of pipeline bending is consideretinaar setting. The pipeline is
modeled by a semi-infinite hinged elastic beam. distanceh between the hinge and
the bottom is known (Fig. 1). The weight-loadedrbes also loaded by the pressure of
the liquid. The length of its sagging paris unknown and must be found. For a while,
impact of the liquid is taken into account in tiheditional way, i.e., through reduction
of the beam’s weight for the weight of the liquidpsrseded. The straight unstressed

status of a beam is assumed reference configuration

[

Vs

Fig. 1. A beam on the rigid seabed

In the classical model, rotation of beam’s cresstionsé(x) is connected with
the deflectionu(x); balance equations and elastic stress-strainioetaitead to the
equation of the fourth order:

Q+g=0, M'+Q=0, M=&, 6=U = @ = (1)

O Electronic scientific journal “Oil and Gas Busisgs2011,Nel http://www.ogbus.ru/eng/



239

where a is the bending stiffness of the beads () is differentiation with respect to

X; Q andM arethe shear force and bending moment correspgiydiq is the
external force per unit of the beam’s length.

At x<1, the weight of the beam in a liquid per unit aidéh is g= w= cons,
with integrating relationships (1) and boundaryditions u(0) =0, M (0) = 0, we shall

receive

Q=-wx+Q, M=— %-Qx 9=é{wi—91@+%,
2 6 2
w . 0 2)
u= a‘l[— X —=2 X3j+90 X
24 6
At the section of the fix > 1, the displacement is saf:i=h = gq=0. Hence,

there is a concentrated force at the starting point

1+0

g0 =-R(x-) = Q,=R=w-Q. 3

At this point, functionau, €, andM are continuous:
ﬂIZ _Q0| :O’ a—l(ivl 3_&' ZJ_l_go - O, a—l(ﬂl 4_&| 3j+ed =h .
2 6 2 24 6

This is a system for determination of the forQg and rotationd, at the hinge, the
length| and forceR:

wl wi® wl?
=R=—,8=—, h= .
@ 2% 12a 24a

At the section of the fit, the external distribdtload is the sum of the beam’s

(4)

weight and contact pressure; therefore, the lastcan be found by the formula
P .=w+R)(x ). (5)

cont

2. Timoshenko beam

Let us consider a more elaborate model of thendeavhich the deflection and
rotation of cross-sections are independent. Inesygtl) the first three equations remain
the same, while the fourth is replaced with théofeing [1]:

Q=b(u-6), (6)
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whereb is the shift stiffness. In (2), the first thredateonships remain, and an additive

is added in the expression for.
af W Q _ w
u=a'| —=xX-2x |+ x+ b'| -— X+ : 7
=% x| g xe b7 - 2+ @ )
To find the contact pressure at the section ef fih let us transform the
equations:

" — = " 1-60)= - bo* ~ho u = —d
b(u-8)+q=0, &"+Ku-6)=0, (ba adz—bJ(Bj (Oj (8)

Formally, this is a linear algebraic system; it b&nsolved through determinants:
_q _w

Du=D, = 5
0 a0 -

u

b‘ - ad*u=g-A29%q /\25%. (9)
Here from, considering the identity x (£)h, we can receive a distribution function of
the total external loading

x>1: q=qe” (&= x1 (10)
instead of the concentrated force (3).

Let us integrate the system of the four equatairsich a loading:
Q=Q+ e, M=M-Qf+ b e, f=0+ 5‘1( M-t b J

%52 ngzs q@ /\{j_l_b(%z G e/\.f]

(11)
u=u+6¢&+ a‘l(

The last one is identically equal kg therefore,
Q =0, M;=0, =-b'Q=0, u=nh (12)

It is necessary to consider the continuity@f M , 8, andu at x=1 (£=0):

/\2 6 2 N°
a( W Q - w
a’t| —1"=-=21°|+g) +b7 -—1*+Q |=
(24 6 j ’ ( 2 Q"'J

This is the system for determination@f, &,, q,, andl :

_W|+QO j{)' V_V QO lv|3—&|2+a60:—&
(13)

QW2+, _wl2+(2+f) _ w
T 1w 12 p(1+p) 0 2
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_wi* B2 +58°+12(1+ B)
248 pA(1+P)

In case of a big value of the shift stiffneg® {- « ), we come to formulas (4).

h

 BENL. (14)

Distribution of the contact pressure at the sectibthe fit for the Timoshenko

beam
Pow = W=, €" (15)
is more close to the real one as compared to #tehdition for a classical beam (5).

Graphs of the contact pressure for both modelp@sented on Fig. 2.

“Pcont
WHR -

W oo

=~
x\y

/ X

b)
Fig. 2. The distribution of contact pressure:

(a) classical model; (b) Timoshenko model
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3. Hydrostatic loading of a rod

There is no doubt that the resultant force impacé completely submerged in
a liquid rod equals to the weight of the liquid etgeded by it. However, it would not
be correct to determine the hydrostatic loading y&t of the rod length by simple

division of the Archimedes’s force by the lengthtloé rod.

Fig. 3. An element of the rod

Let us bring into consideration the arc coordiredteng the deformed axis of the
rod s. Let us write down an equation of the balanceootds for a cut out piece of the
rod of ads length (Fig. 3); the distributed loading togetheth the forces at the end

faces equals to the Archimedes’s force:
gqds- Q9+ @ & ds=-y Fds, (16)
where F is the cross-section areg;is the weight of the liquid per unit of the volume

Forces of the liquid at the end faces we willlfioy integration of the pressure

on the cross-sectional area of the rod:

~Q(9=-r(3[ § ydF= Fp§)b(t), Q(s+d9=-Fpy s dh(ts Y, =

= -Q(9)+ Qs+ dy=—( pf Fd, (17)
where p is the liquid pressure is the unit normal vector to cross-sections the unit
tangent vector to the rod axis, a(1d)' means differentiation with respect $o

From (16) and (17), we receive an expression tfe hydrostatic force

impacting a unit of the rod length:

a=F[-vi+(p) | (18)
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Let us remark here that in the commonly known fder(used in sec. 1, 2) the second
summand taking into consideration the pressureemffce in the liquid and the

curvature of the deformed rod axis is missing.

4. A classical beam in aliquid

Let us consider the problem of bending of a atatdbeam in a liquid with
consideration of the hydrostatic loading by form{i8).

As earlier, we will considex as the arc coordinate in the reference straight
configuration, ands in the deformed state. Let us write down expres$io the radius

vector of a rod patrticle:
r=xi+u(yj; f(s)=t= (|+UJ)

t|=1=x/1+u?, = %= 1_5 u?+

where(...)' and(...)" denote differentiation with respect oand s correspondingly;
i and j are the unit vectors of axesandy.

Let us further on assume that the pressure diffar in the liquid is caused by
its weight only:
P=mtyu,
P, Is the liquid pressure at the=0 hinge level.

Then we can find the hydrostatic force per uritttee beam length in the
deformed state by formula (18):

qYIF[ ( 1+uv2x2) p(d')g+ U)H F{—y+ E)U+y( u’l)'}+...; (19

here the terms of the highest order are not writiginas the beam deflections are small.
However, the retention of the last summand in {§®bligatory for taking into account
the dependence of pressure in the liquid upon ahee\vof the depth.

It is necessary to recalculate the force per ofhithe beam length in the

reference state:

qds= gdx= :q:%=_q/1+ (. (20)
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Considering (19) and (20), in case of bending ofassical beam in a liquid, we

come to the following statement for<|:
ad‘u=qg=w+ F gu+Ag(u b 0)], A -0,
¢(u,u,u) Ey( ud + L'JZ/Z).

Here w= mg- Fy is the beam weight per unit of length in a lig@as in sec. 1); a

(21)

formal small parametex was introduced here.

At the section of the fit withx > | , following outcomes of section 1 are valid:
u=h, §=0,Q=0, M =0, Q(I-0)=-R,
where R is the concentrated force, yet undetermined.

To solve equation (21), let us introduce a neviakde and expand the length

in the form of an asymptotic series
Osxs<l=ly(+A,+.); x=I1¢, 0,=179, =1} (=A,+.)0,
Then (21) could be rewritten in the following way:
aly* (1= 441, +..)0ju - Fpyl?(1- 21+ .J)ou =w+AFg; (22)
it is supplemented by the boundary conditions athiinge and the continuity conditions
u(0)=0, M(0)=0, u@)=h, 6Q1)=0, M(@2)=0. (23)
We will seek the solution of the (22)-(23) problemthe form ofu=uy,+Au +... and
come to a sequence of problems:
(04 _kzaz) w=wa'h'= 1, w(0)=9/u(0)=0, w()=0/u(J=0, u(}=
(02 -K?02)u =21, (20; -kD2) u, + Fgoa = (), k= Fp,a iy
u (0)=07u(0) = u (=0, u(Y =07 u()= 0.

The general solution at the first step looks like

0 2
2k2Z

Five conditions are sufficient to determine the stants A, ..., D,, l,- The general

U, = Achk{+ Bshik+ G+ Q¢ -

solution of the second problem is obtained by th@dnel’s integral:
¢
u=Achkl+BshiK+ G+ DX+ K[ {¢ ) shk{ -7 )y k(-7 d,
0

the small corrections, andl;, we will find on the second step.

O Electronic scientific journal “Oil and Gas Busisgs2011,Nel http://www.ogbus.ru/eng/



245

5. Numerical calculation

Let us make a numerical calculation of a pipelgteess-strain statby the
formulas received. We will assume that the pip&ingoss-section consists of two
rings (Fig. 4), i.e., the internal steel and exatrooncrete ones; their radiuses are
R =0.56Em, R,=0.6 m, R,=0.7 m; these parameters correspond to a real Nord
Stream Company’s pipeline [10] which will be actydhid down on the Baltic Sea
bottom. The properties of the steel are as follgwivioung’s modulusg, =210 GPa;

Poisson's ratiov, = 0.28; densityp, = 7800 kg/m?®; properties of the class B20 concrete

are: E,=27.5GPa; v,=0.2; p,=2450 kg/m® [9]. Density of the sea water is
Piq =1028 kg/n’.

1-steel

2-concrete 4/

Fig. 4. Pipe cross-section
To find the bending and shear stiffness of athuplbeam, we will assume that

the steel and concrete beams work in parallelgtbes, their joint stiffness is a sum:
_ _ _ s
a_ai-'-aZ’a‘n_Enln’ In_Z(Rnﬂ_R:)'

E
b=h+b,b =n,SN,u,= —, n=12,
q Q n “n n “n 2(1+Vn)

where | is the axial inertia moments of the cross-sectidfsare their areagy, are

the shear moduli of the materials, aNd= 0.5 is the shear ratio for a thin ring [1].
Equation (21) shows that significant divergenoetsveen the calculation results
for beam deformations in linear statement in cas¢he new and commonly used

accounting of the hydrostatic load should be exgkcinder relatively high values of

the pressure, .
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The deformed form of the beam is presented on&ig. has been found for
three models: the classical and Timoshenko ondssiitple accounting of the liquid’s
impact and the classical model with the hydrostata calculated by the new formula.
The distanceh is accepted equal to 50 m. The liquid pressutkeakevel of the hinge is
P, =2 MPa (corresponds to the depth of about 200 metEdowing values of the

length of the beam’s sagging part were receiveatoordance with section 4 formulas:
l,=325.9m,1,=0.05 = |=l,(1+l,)=342.Em;

for the case of simple accounting of the liquid, sa@ find the values df from (4) and
(14): 1 =212.E m for the classical beam ahd 211.€ m for the Timoshenko beam.

As one can see from Fig. 5, displacements by dalssiodel almost coincide
with the displacements by Timoshenko model forgheameters chosen for the beam;
therefore, further on, all dependences will be arawnly for the Bernoulli-Euler beam.

To find the contact pressure at the section ef fth by formula (5), let us
calculate the weight of the beam in the liquwd= 4.09 kKN and the concentrated forces:
in case of simple accounting of the liquig=0.43MN, by the new formula,
R=0.21 MN. For the Timoshenko model, we can find the sxd€loading at the point
of tangency from (15)g, = —0.45 MN and the exponenm\ =1.04 m™.

h-u, m
50
—— Asymptotic solution
Simple accounting of the liquid
40 Classical beam
o  Timoshenko beam
30
20
10 -
0

' \ * \ * T i
0 100 200 300 X, M

Fig. 5. The deformed form of the beam
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Dependences of the shear force and bending morhém¢ Aeam’s sagging part
upon the value of parametér are presented on Fig. 6; they were received by two
approaches to accounting of the hydrostatic loatk €an see from the plots that the
maximal shear force occurs at the zone of fixingl the divergence between the values
received by the two approaches noticeably growh Wie growth ofh (it amounts to
52% for h=50 m).

In case of the simple accounting of hydrostaticdJoae will find that the
maximal by absolute value bending moment alwayseld@s in the center of the
beam’s sagging part. Calculations under the newdita show that with growth ofi,
location of the maximum moves to the fixing powile its value is much less. This
way, for h=50 m the maximal moment develops at the cross-secti®9.37 and the
divergence in its value amounts to 66 %.

Dependences of the force and the moment on thgnitnde of the liquid

pressurep, at the level of the hinge are presented on Fi@rie can see that values of

the bending moment and the shear force decreaseratising of the liquid pressure.
This effect cannot be predicted in case of simptmant of the liquid.

At big enough values of,, the shear force turns zero far away from the efid@am’s

sagging part, while the bending moment tends tonastant value:
M=-2 (24)
Fpy
After determination of the bending momeM in a built-up beam, it is
necessary to estimate arising stresses and to certigan with permissible stresses for
concrete and steel. For this purpose, we will firsi bending moments in each of the
beams, and then apply an acknowledged engineeongufa for calculation of
maximal axial stress [2]:
I

n

Mn :M_an'
a

max
o™

R., N=12. (25)

As it is shown in [1], the asymptotic analysis othaee-dimensional problem of the
theory of elasticity confirms validity of the hypasis about the linear distribution of

axial stresses at a beam’s cross-section at ititgn
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Fig. 6. Shear force (a) and bending moment (b)

in the beam at various distandes
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Fig. 7. Shear force (a) and bending moment (b)

in the beam at various pressungs
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Dependence of the maximal pressure arising ireel fteam at the distande

and under pressurp, is presented on Fig. 8. In case of simple accogrdf the liquid,
we receive that the ultimate strength of sl{&ql] =400 MPa is reached at =46 m.

With growth of pressurep,, the beam stresses go down and tend to a consthrm

non-dependent o . At the distanceh=46 m, the coefficient of safety for steel is

equaln =1.2 at p, =0.1 MPa andp =7.3 at p, =6 MPa.
For real values ofp,, the concrete tensile strengtu,]=1.35MPa is

considerably exceeded. It seems that it is necgdsareconsider modeling of the
pipeline end fixing by using more complicated boanydconditions than the hinge.

In practice, for pipeline laying in the water ritoa vessel they use a stinger
which is attached to the stern of the installati@ssel and provides support to the
pipeline [3]. The evaluated value of the rotatiogle of the beam at the hinge gives an

estimate of the angle necessary to fix the stirggrending on the depth of laying

(Fig. 8). We should note that we haw(0)=2h/l, for the main term of the

asymptotic series; a similar dependence followmfformulas (4).

6. Accounting of prestressing

It is known that to decrease stresses arisingipeline laying, the pipeline
should be stretched. How big should this tensionldygends on many factors and is an
object of research.

The solution of section 4 could be easily geneealifor this case. The fact is,
the equation of bending of a beam preliminariletined by forcd is given by

ad'u-Tu = q.

Considering hydrostatic loading (18) we can receéhee statement (21) where we will
have p, = p, + T/ F instead ofp, .

This way, accounting of prestressing of a pigelgequivalent to increasing of

the liquid pressure at the level of fixing (Fig.8j,
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6, rad
05
Asymptotic solution
p,=0.1 MPa
04 -~~~ p,=2MPa
————— p,=6MPa
— Simple accounting /
0.3l of the liquid _
0.2 / B — §
0.1 ,/",, —
oo™
/’/
0.0
0 10 20 30 40 50 1, m
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lo| ., MPa
1'max
450
360
//
270 /
180
g | ™
7,
//’_ ——————————————————— e ————— i — e e -
0
0 10 20 30 40 50 A, M
b)

Fig. 8. Dependences of the rotation angle at thgeh{a)

and the maximal stress in steel (b) at the distdmand pressure,

O Electronic scientific journal “Oil and Gas Busisgs2011,Nel http://www.ogbus.ru/eng/



252

Conclusion

The paper shows that the commonly known appro@chaccounting of
hydrostatic loading of a beam as the Archimedes’sef divided by the beam length
leads to good enough results only for small disggtaents of an initially straight beam
and at small depths. At bigger depths, big dispreead, and initial curvature of the
beam, it is necessary to use formula (18).

It is preferable to use the Timoshenko modebfmalysis of the contact pressure
between the pipeline and the sea bottom.

Estimation of stresses arising in a pipelinestasvn the necessity of obligatory
modeling of the stinger that would allow to redleading on the pipeline at its laying
down to permissible limits.

The author thanks professor V.V. Yeliseyev for dingca.
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